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ABSTRACT 


The two design methods for reinforced concrete 
Slabs proposed by ACI 318-71: Direct Design Method and 
Equivalent Frame Analysis, are compared with an elastic 
analysis performed by the method of finite differences. 
The variables considered include panel location, column 
ene s Tebeecometry, and the stifttnesses of the slab and 
supported elements. A procedure for performing 
calculations in a systematic manner for the Equivalent 


Frame Analysis is developed. 


Phe erestlecmror sehis study show that, in general; 
there was reasonable agreement for design purposes between 
the proposed methods and the elastic solution. However, in 
certain instances, substantial differences were observed 
and in these cases an alternate procedure, which is more 


-general.in application, is suggested. 
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NOMENCLATURE 


Size of rectangular column in direction 
moments are being considered, 


Size of rectangular column measured trans- 
verse to direction moments are being con- 
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E(1-0.63x/y)x3y/3, cross-sectional constant 
to define the torsional properties of edge 
beams and attached torsional members. 


modulus of elasticity. 


modulus of elasticity for beam, column and 
slab concrete, respectively. 


TGEEOE shear modulus of elasticity. 


height of column, center to center of floor 
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distance between finite difference grid in 

x andy Gipéction; respectively: 

Epty 
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stiffness. 


ratio of beam flexural stiffness to slab 


H in £;.direction. 
H in’ £5) direction. 
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gross-section of a beam. 


moment of inertia of gross cross-section of 
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unit rotation. 
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unit rotation. 


flexural stiffness of an equivalent column 
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flexural stiffness of a slab; moment per 
unit rotation. 


torsional stiffness of torsional member; 
moment per unit rotation. 


EK /E(Ko+K,), ratio of flexural stiffness of 


the columns above and below the slab to the 
combined stiffness of the slab and beam at 
a joint taken in the direction moments are 
being determined. 
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K for exterior columns in a direction per-. 
pendicular to the edge of the system. 


length of clear span, in the direction 
moments are being considered measured face- 
to-face of supports. 


length of span in the direction moments are 
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length of span transverse to £,, measured 
center-to-center of supports. 


bending moments per unit width of slab in 
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twisting moments per unit width of slab 
in y and x direction, respectively. 


bending moments acting on a section of 
slab width hy and hy» respectively. 


twisting moments acting on a section of 
slab width h, and ho, respectively. 


total static design moment 

E,C/ CET.) ratio of torsional stiffness 
of edge beam section to the flexural stiff- 
ness of a width of slab equal to the span 


Jeneth-of the beam, center to center of 
supports. 


ratio of length of continuous edges to 
total perimeter of a slab panel. 


over-all *threkness ‘or “the slab. 

design load per unit area. 

deflection of the slab, positive downward. 
tote, toad) on.espanel. 

25/2, panel aspect ratio. 


shorter and longer, over-all dimension of a 
rectangular part of a cross-section, 
respectively. 


rectangular reference coordinates. 


Poisson's ratio. 
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CHAPTER I 


INTRODUCTION 


1.1 Introductory Remarks 


The current edition of the “Building Code 
Requirements for Reinforced Concrete (ACI 318-63) "6 3)* 
divides all reinforced concrete slabs into two categories, 
namely, the two-way slabs in which each panel is supported 
by beams on all sides of the panel and flat slabs which 

are supported directly by columns with or without column 
capitals, and drop panels. The requirements con the 

design of these two categories are completely different so 
much so that they are presented in different chapters of 
Prem cCode es higedidnenencel stenss fromitheidaiierent origins 
Ofeecach procedure and the underlyings philosophy) of design 
of each. While each type of slab had its own area of use, 
experience and laboratory tests indicated that there was a 
substantial. difference in the factor of safety at both, 
ee and ultimate loads. Also the current Code does not 


contain provisions for considering slabs supported on beams 


with a complete spectrum of stiffnesses. 


* Numbers in parentheses refer to entries in the list of 
references. 
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iherproposed revisions of thas Code. ACI a182715 "> 


are based on the philosophy that both categories of slabs 
(that is, slabs with and without beams) Sionaone designed 
by a common procedure which gives economical design with 

a uniform factor of safety. This philosophy is to obtain 

a total moment Trom-equations of equilibrium,to split 

this moment between negative and positive regions, and then 
to proportion these moments between middle and column strips 
based on stiffnesses of the supporting columns and beams, 


Ti cany:. 


For slabs containing panels that are relatively 
equal in size and regularly spaced, the application of this 
philosophy can be simplified as is. done in the proposed 
Direct Design Method in which the proportioning of the 
total moment is done by a series of simple equations or 
coefficients. For slabs containing panels that are less 
regular in size and spacing a more general procedure known 
as the Equivalent Frame Analysis is used. All slabs 
considered by the Code are designed by one of these two 


procedures. 


12. .0bject-and Scope of Study 


The objective of this study is to examine 


critically the proposed procedures contained in ACI 318-71. 
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This was accomplished primarily by comparing bending 
moments obtained by the two Code methods with those from 
an elastic solutions. The object was to consider the 
range of agreement of these comparisons, particularly at 
the outer values of the limitations specified in the Code, 
and, where the agreement was considered unsatisfactory, 

to propose an alternate procedure. Where possible, it was 
anitended to provide ,design aids to. assist in performing 


the calculations required by the Code procedure. 


A numerical procedure based on assumptions of the 
elastic theory of plates was developed to obtain solutions 
for comparison purposes. These solutions were checked for 
accuracy by comparing with theoretical solutions and 
equations of static equilibrium. The scope of the study 
also includes using these solutions in order to obtain 


better insight into the slab-beam interaction problem. 
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CHAPTER II 


SUMMARY OF PROPOSED REVISIONS 


2215 Introduction 


Tm ACL 318-63°°? there were two procedures for 
designing flat slabs, the Empirical Method and Frame 
Method and three methods for designing two-way slabs 
which involved different sets of coefficients. In the 
proposed revisions, ACI 318-71°>? these procedures have 


been replaced by only two procedures, the Direct Design 


Method and Equivalent Frame Analysis. 


Although the Direct Design Method is similar to 
previous Empirical Method in that both compute a total 
moment for a panel, the procedures for distributing this 
moment, the range of applicability and the basic philosophy 
are different. There is more similarity between the | 
proposed Equivalent Frame Analysis and the previous Frame 
Method for flat slabs, the basic difference being in details 
of stiffness evaluation. The basic features of these pro- 


cedures are discussed in the following sections. 


2.2 Range of Applicability and Definition of Terms 


Essentially, the Direct Design Method is a 
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modified version of the Empirical Method for flat slabs. 
its range of applicability has been changed as. follows: 
the panel length to panel width ratio and the span to 
successive span ratio are widened from 1.33 to 2.0 and 
Wo20 to 1233, respectively. Furthermore, the definition 
On tue columrmserip has been changed to be-one-half the 


Brorter span In both directions Of a rectangular panel. 


The major change in the Equivalent Frame Analysis 
Poe liethnesderinitionvor, an equivalent, column. The 
flexibility of this equivalent column is defined as the sum 
Oro tne fiexibilities of the column in flexure and the beam- 
slab combination in the transverse direction, in torsion; 


i.e. 


1/Kec = (1/K) + C1/K,) C2) eS 


This change was necessitated by the recognized 
fact that moments "leak" from one panel to another 
around the column when adjacent spans are unequal in 
length or support different loading. The above procedure 
also gives more realistic moments in the exterior panel, 


particularly in exterior negative region. 


2.3 Concept of Minimum Thickness 


For two-way construction designed in accordance 


with the proposed ACI 318-71 the minimum thickness is 
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specified in section 9.5.3.1. as follows: 


RCG0Ue7— 0005.) 
ke ee ee NS ED, 
36000 + - = = 
5000 SLH.., Ue Ua Rts) ] 


HUurenot less than 


2(800 + 0.005, ) 
t = ——— y (2.3) 
36000 + 5000 S(1#R_) 


4 


The thickness need not be more than 


2(800 + 0.005, ) 
pee ee a ee bY Bo so Coe) 


36000 


However, the thickness shall not be less than the following 
values: 
For slabs without beams or drop panels Syiiie 
For slabs without beams but with drop panels 4 in. 
For slabs having beams on all “four edges 


with a value of Le at least equal to 2.0 S43 in 


It would appear that determination of slab 
thickness is somewhat more complicated in the proposed 
Code than existed in ACI 318-63 edition: However, it 
should be noted that proposed procedure considers major 


variables affecting stiffness and deflections. 
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dhevettect of each variable on thickness 
determination is "shown in’ Fig. 92.1. To satisfy moment 
and shear requirements the minimum thickness is in direct 
proportion to the span length 2); thus expression can be 
considered as specifying minimum t/2 ratios and is so 
plotted. The increase of thickness for the increase of 
reinforcement yield stress is obtained by the coefficient 
k. It can be seen that the thickness decreases with in- 
Gredsing continuity factor, R.: A significant factor is 
Hoy? mne@maverageavalue Of the ratios OL ilexural sitifiness 
of the beam to the flexural stiffness of the slab of panel 
Migr tor all beams supporting, a panel, However, for 


values of A ay greater than 2.0, the lower limit governs 


for all values of the continuity factor, Ro: 


Ze Concept of loral-Moment 


In 1914 Nichols stated that the total moment 
in a panel for a flat plate can be obtained by the 
equations of statics. His expression of the total 
static design moment for the interior panel with round 
Capital is given in Eqn.(2.5). The assumptions involved 
in the derivation were that the reaction is uniformly 
distributed around the capital and twisting moments 


between slab and capital are neglected 
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Cicite olay. 
Mo = 0. ce batt Baca aed (pha 
o = 0.125w2,[1 =e 53 ore ] Geno 
Nichols Suggested an approximation to the above equation 


as follows: 


Mo = 0.125W2, (1-4 e1)° (2.6) 
Based on results of test structures, Nichols! 
expression for total moment was considered conservative 
and ACI Code requirements in 1917 permitted a total 
moment in square interior panels of only 72 percent for 
the total moment (Eqn. 2.7). Rie nace modified in 1956 by 
the introduction of the factor F (Eqn. 2.8), where | 


F=1.15 - &. put not less than 1.00. 
| ; 


g 
Mo = 0.09W2, (122 £1)° (2.7) 
° 1 3 Ry e 
we =e0ee9 We, taezecays (2.8) 
e l 3 24 e 


It should be mentioned that the reason the test results 
did not verify Nichols! analysis was that the moments 
were computed from steel strains on the basis of the 
straight-line formula, neglecting the effect of twisting 


moments at the column capitals and the effect of unloaded 
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Spans adjacent to the loaded panel. 
ine=toral moment ‘Specified by ACI “318-71 “is 
based on Nichols' analysis as follows: 


2 
Rok 
vow Le (2.9) 


This is essentially the same as the moment 
given by Eqn. (2.5) written in terms of clear span gc. 
While the total moment required in ACI 318-71 appears 
greater than previously it is compensated somewhat by the 


reduction of the load factors: 


v5 Distribution Of Total Moment 


By=the Birece Design Method the total design 
MOMenL 1S sGistributed LO the negative and positive design 
regions by set coefficients for the interior panel and as 
a function of the column beam and slab stiffnesses for 
the exterior panel. By the Equivalent Frame Analysis the 
negative and positive design moments are found directly 
by using a moment distribution procedure which considers 


the actual applied loads. 


The Code distributes these design moments 
obtained by either procedure into middle and column strips 


by a set: of fuctions which are dependent, for interior 
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panels, on the beam flexural stiffness and panel aspect 
ratio and, for exterior panels, on the flexural and 
torsional stiffnesses of the beams and the panel aspect 


ratio. These.fuctions»are fully discussed in Chapter \V. 


F ; - 
soy o 7 e 
J ; , » : 
yt ; oF : 
en oe 
aces Aste. baa 23ertii ve sasgrett waed sit a3 % > a, 


= 
6 famyea ls nt! so ai One sirchaxne TO? brs hada a, 
; ? = 


lansyg -at Use ameed Qt to gereantizoe iuaokenoy | 


= 


ce th Wilkos Ste 2roLy sa } saat? oltst_ 


es ak Hay=0.25 
—————— 
oo 0.50 
Saas sree 
Een 2.5 
ee t 
—= 0.02 
k ¢k 
R= 0 
SIMPLY - SUPPORTED PANEL 
Voit ==) Eo eS ee eee ee 
0.4 0.6 0.8 1.0 
hc 
0.03 Hay=0.25 


ules 


Ee Ss AES RTS Ca nee 
(a 
pe ae 25 
R= 0.50 
CORNER PANEL 
0.01 er ee eee ee 
0.4 0.6 0.8 1.0 
1 
Is 
0.03 


SQUARE EDGE PANEL 


0.01 
0.6 


Ye 


0.4 0.8 1.0 


—.——-. —. ——- — UPPER LIMIT (eqn 2.4) 
(sine plac teeant allpes peep LOWER LIMIT (eq’n 2.3) 


PIUGURES Ze 


INTERIOR PANEL 
0.01 
0.4 0.6 0.8 1.0 
1 
Is 
k=1.0 FOR fy = 40 ksi 
11 60 ksi 
122 80 ksi 
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PROCEDURES OF ANALYSIS 
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ACI 318-71 proposes two design methods, the 
Direct Design Method and the Equivalent Frame Analysis, 
either of which can be used for slabs with or without 
Deadman 5150, Code section 1352-1 gives freedom to the 
desienerj astacing, that the slab system may be analysed 
by any procedtme satisfying equilibrium and geometrical 
Compatibs Uityetprovidede=1e 1s" shown that strength ~and 
serviceability requirements are met. The numerical 
method, =reterred "to in “thas study “as “the*elastre “solution 
meets the above requirements and therefore can be con- 


sidered as a recognized design method. 


in.the=following sections, the Direct Design 
Method, Equivalent Frame Analysis and elastic solution 
are discussed. The philosophy on which Direct Design 
Method is based is straight forward; hence more attention 
is paid to the other procedures. Design aids are pre- 
sented for the Equivalent Frame Analysis in the form of 
tables for stiffness coefficients. A systematic procedure 
for performing the necessary calculations for the 


Equivalent Frame Analysis using these design aids was 
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developed and presented in detail in Appendix A. 


The elastic solution is based on the finite 
difference equations. Details of assumptions and pro- 
cedure are contained in Appendix B. The flow chart and 
description of the program required for the elastic 
solution are outlined in Appendix C. A brief description 
SPethes procedure. the types of variables that can be 
considered, and the accuracy of the results are presented 


in this chapter. 


o 2) Direct. Design Method 


Within the limitations given in section 13.3.1 
of ACI 318-71, a slab system can be analysed by the Direct 
Design Method. Essentially this method consists of 
determining the total static design moment for the panel, 
distributing this moment between the positive and negative 
regions and then proportioning these moments to column and 
middle strips. The effects of pattern loading are con- 

Be eevaa by "Pravadingsei ther minimum support stifinesses or 
PiereasiNe ele positive sresis tance Of she panel... In onder 
to employ this method, evaluation of stiffness coefficients 
Kime and) Kas required which are parameters defining, the 
column flexural stiffness, beam flexural stiffness and 


beam torsional stiffness, respectively. Effects of these 
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parameters on the design moments is shown extensively in 


Chapter _V. 


3.3 Equivalent Frame Analysis 
3.0. 1) = Choice= of Frame 


The idea of the Equivalent Frame Analysis lies 
in reducing the three dimensional slab-beam-column system 
into a two dimensional structure consisting of equivalent 
columns and equivalent beams. The structure is then 
emalysed 1Or the specified loading. Longitudinal and 
transverse directions have to be analysed separately 
Ete to.) ee SUmeablesme tliod for atialysing such bents 
is the Moment Distribution Method. Consistent with the 
assumptions, the simplified Two Cycle Moment Distribution 
Method is often used in practice. However, a method which 
Beives anvaccuracy consistent) with the assumptions of ‘the 
procedure and based on the slope deflection equations has 
been developed (Appendix A). Since this method does not 
require the solution of simultaneous equations, it is 
Surtabie for use with desk calculators. A general example 


is given in Appendix A. 
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In order to analyse the equivalent frame, it is 
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necessary ~toO.evaluate the stiffness factor; eee, 
factor and fixed-end moments for members having variable 
cross-sections over their lengths. For the evaluation of 
these constants, the moment of inertia of the slab-beam 
element or column at any cross-section outside of the joint 
may be based on the gross-section. ACI 318-71 specifies 
that the moment of inertia of the slab-beam from the centre 
of the column to the column face shall be assumed equal to 
the moment of inertia of the slab-beam at the column face 
divided by the quantity Geen oe: In computing the 
stiffness of the column Ko the moment of inertia shall 

be assumed to be infinite from the top to the bottom of 
Slab-beam at the joint. Knowing the moment of inertia 
properties of all sections of each member, any method 

can be applied for the evaluation of the stiffness, carry- 
over and fixed-end moment factors. In common use for this 
purpose is the Column Analogy Method. Although this 
Method is not complex, it is*rather tedious, especially in 
this meet because of non-prismatic members. For this 
reason it would be desirable to predetermine and tabulate 
values for the carry-over, stiffness and fixed-end 

moment factors. Values for these quantities, valid for 
the slabs without beams and with rectangular columns, are 
presented in Tables 3.1 to 3.42 Sere other cases can be 


found in Ref. 13. These tables are used in the example 
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given in Appendix A. 


3.3.3 Loading 


According to ACI 318-71 the structure is to be 
analysed for the loads supported where they are definitely 
known. When the live load is variable but does not exceed 
enree-Quarleres or sthe dead load or ithe! lave: Woadtwill 
always be applied to all panels, the structure may be 
analysed for uniform live load on all panels. If neither 
of these conditions are met, the maximum positive moment 
of a panel may be assumed to occur when three-quarters of 
ine full deswenr tive load Ween the panel andtonValtemnate 
panels, and maximum negative moment may be assumed to occur 
when three-quarters of the full design live load is on 
the adjacent panels only, providing that these moments are 


greater than those for the entire slab loading. 


3.3.4 Reduction of Negative Moment 


The Equivalent Frame Analysis is based on center 
to center column distances and therefore negative moments 
obtained by this procedure are column centerline moments. 
Since the failure cannot occur at the column centerline, 
these moments.need not be considered critical. While 
ACL 31827) states in section 13.4.2 that colummtacectcean 


be considered as a critical section, it does not suggest 
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any means of reduction of the centerline moment to the 
a) 


eouumi. cace. (Conley has suggested the following 


expression for reduced moment: 


(222) 
where M, and Mn represent moment at column centerline 

and the negative design moment at the column face, 
respectively. The quantity V represents the total shear, 
as determined from the Equivalent Frame Analysis. A 
uniform shear distribution around a square column perimeter 
was the assumption for deriving Eqn. (3.1). EmURe BRED 

the following expression has been suggested for reducing 


the moment: 
Pras G3E7) 


It can be seen that the formula (3.2) is a simplified form 
Of Eqne+¢2.1)etslablet39o compares the results, for an 
interior square panel loaded to 1k/ft?2, obtained by these 
two expressions with results obtained by the Direct Design 
Method. It should be noted that the Direct Design Method 
is based on the clear span length and thus gives moments 


atathe «column  facesdirece]y.. 
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It appears that several factors have a signif- 
icant influence on the reduction of negative moments, and 


further research in this field may be necessary. 


oe COLI ano hvac le Sti paesp lit 


The distribution of the design negative and 
positive moments along the design sections can be made 
sceording {ostne coefficients. given in the Direct Design 
Method. Since the Code does not propose any limitations 
for the Equivalent Frame Analysis, it would appear that 
any slab can be analysed by this method. However, this is 
a,false impression, Since distribution of, design moments 
across critical section into column and middle strip should 
be sdarect ly Limited by section 13.321.6-0f ACI 318-71. 

The necessity of applying the limitations of this section 


*o the’ Equivalent Frame Analysis is discussed in Chapter V. 
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geno stmt poduction 


Elastic numenical.solutions, based.on the; finite 
difference method were obtained for the purpose of evaluating 
the moments obtained from the Direct Design Method and 

C15.) 


Equivalent Frame Analysis. The Newmark plate analog a 


which is a physical model approach rather than mathematical 
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technique, was used. Therefore operators are formed from 
consideration of equilibrium of the elements of the model. 
’ This method is preferable when special boundary conditions 
are involved. In Appendix B, the procedure is outlined 


and characteristic operators are shown. 


3.4.2. Type of Slab Analysed 


A four panel typical ee ae strip was 
eonci desednin ythiswetudyeClig. 1833) ageUtilissngesymmetry 
two half-panels were solved. In the majority of the cases 
studied, poinmeccolumns (with |finiteestifinesses<were icon- 
sidered. However, a limited number of solutions with 


elongated columns (c,/%,= 0.2) were obtained. 


anes Finite lDatterencesGridiSizecand 


Accuracy of Results 


The grid spacing for both interior and exterior 
panels was taken as 1/20 of the panel span in each 
direction (Fig. 3.4). Using the symmetry about the y-axes 
and including fictitious points along three lines, 484 
simultaneous equations were required. A Gauss Jordan 
elimination technique was used to solve the equations for 
the deflections, which in turn were used to solve for the 


moments and shears. 


G 


“ae 
VYiLovnit S76 


Ge TERMS 


Ons 


7 


) , f ro 
moif2 » ef? ovis 63 heap. Asay sup ims 
7 v ll. an 
; ret = 
; eh bid ._ bite = 


a nah isn -_ 


> 


pital il bast a ae ps 


20 


Results were obtained with an IBM 360 MOD/67 
computer. The program permitted the imput of twelve 
variables, involving slab geometry, support stiffnesses 
and loading, and output the deflections, bending moments, 


torsion moment and shears at each grid joint. 


Extremely good accuracy, based on a statics 
check for the total moment and total shear, was obtained. 
In all cases, for both interior and exterior panel moment 
from the analysis was exactly the same as theoretical 
Value up <tO-7 Significant figures. . Therefore: |the) results 
obtained by the elastic analysis were considered without 
error for purposes of comparison. In addition, solutions 
for the moments and deflections were obtained for the 
fully fixed plate and compared to those given by 

(6) 


Timoshenko , obtained by classical procedures (Table 3.6). 


The agreement is “excellent. 


taal f (ht MET ne ad tw bos hei: eitow ent e 
uot §4 Lge ine wots ott at0q08 
re , wrtioneey Seo. Ririv doy RG sisi’ 7 
7. Leb) SAS oersve Sis sgtibaol bre 
' 


Jeo erwede. Din ” pebahle mete 


, 
~~ 
- 


ete Bo m cl ascend = 
sia} Seq Seipsom tetok aa? a2 sosito © 
) | o ; nx ata ge? «eeso tin: “> 
(~srht “yi Soege ee glares éaftt_ moat» 
af oh tT ale VY 2S age suiav 


cine otaste ode bee 


fi 
4 


noe to pagGMPanMy yok 


WoenoIse5ee i Dis inca ee sl 
rs ool: bs¥eTE etal 


| 2z9°0 | zt9*0| o09'0| esc | szs-0| asco | (SRS Oh RR SSA @ an ws Sara o pO eae Ael PS ce Oa Ie EY Ree | 052° G 


00S°0 osn0| 0000) Sao SUN MOOE Os DSCs 0 UC 0 (OST .0) (00 L 0 M0S0 a0 | 00 e 


SISATVNV GWVYd LNSTVAINOT NI GSaNIAFA 
SV SYOLOVI YAAO-AXHVO YOL SANIVA 


aes 


mom Cw is 


v 
Te a 3 
ant » ©@ 
i 
a 
i= - 
~~ * ~~") 
i ( 
eee 
-* 
| ge a] $< 
i eaucweu ' 
ee a = ens 
ee. 
| -<<¢ ae 
——————— — 
j e - 
| 
7, 
——— 
i 


nt. 


-~ 


(vr) SAT ‘ gad, 
F f ¥ w 
Piton SMAAT voer 


LP mes a Wize & "2 te } 


hs es 


f; 
eg a 
‘ 
. 
Ff f ‘ ‘ri “" 
= : * 
“ 
i - 
‘ 
j ti) ai 
? ~ c * 7 
Pp . - wl 
' 
. - = 
+ Ke 
“Fs 
4 ——— 
F 
‘ 


CO SuaG a) UGH aUst OD get n0Ge a02) 00680. 050 40) 00G 10s OST i) UUL SO OSU Oo Ue esl a 


SISATIVNY SNVYI INSIVAINOT NI GaNIagad sv 
pate! oy SsdOLOVd SSANUALILS SAL fOt Santiva 


OS 0.0 


- Ge aidvl 


. SP 
7 on 

aROvIAt uted an? #0, PaUIA 

BTOYIAWA EMART THIIAVIUOS WIGS TIS 


Ber, mn eet.» 1 ae _% 
alle ithaca REE <ONRES Sea ee SNS ran mete iMi 


4Af8 .u ary s Ter wp aig. 2beu. 4 DEOL L/é 


{ 
—— SAL ROR eS She *e AS eg Pe hresenen a as so Ae a ell 
7 
n 
= ’ Ps, boos : ¢ ft j rz ch os “ec 
: « ae - > 
; i 
ee ee a ome — — ne SS ee, niies 
“<7 - . z= as 
Ly fs e / 2 
= = — a a ere F eas 
s a - 
(Se€.¢ 
a a — = —— = ~— _ ee 
i P - 
o ie 
a Ss — a _ — ee 
# 


80° 0 | | 


SoU UV gece OU | tes 0. 4 Sou. Ug) cau U Ceu-a |e co | o eoO. 0 Bes uaa eat pc Bla wt 


CUS eOMmeOs tO )I00T UP USe OF OU s0tT O09c.0 |) .00c. 0 ).0S-b° 0 | 00k 0) OSD 0 4 DOO go 


\T SISAIVNY ANVYd INA TVAINOA NI GaNIZaaq sv 
go ST SLNAZOIZIA00 SLNEAWOW CNA3-daxId AHL ¥Od Sdn'IVA 


: gat cit anentos Ce 1a ds 


ow © Bens = _ 
| 
a = 7 
= | - ety t “=n 
} = ‘ 
‘ 
— : 
’ 
4. OD j 
5 
— 7 ™ ———— 
oe 
} re 
} 
—— “ 7 
. r 
te 
i 
| 
i 
= 
—— 
* 
~_ 7 


AIMS LT) 


+ Te. Pa ‘live 
yess eae he 


3 


W2~03) 


24 


TABLE fou 


VABRUES SOE kel Sit Prires) COHFEICENTS OF THE COLUMNS 
AS DEFINED IN EQUIVALENT FRAME ANALYSIS* 


* Stiffness of the column is 
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CHAPTER ch 


PARAMETERS CONSIDERED 


Pele litt rodueaLl Lou 


The perameters used for the elastic solutions 
are the same as those used in the proposed revisions of 
the Code. In order to reduce the number of variables 
considered the Code has combined the parameters to form 
"compound variables", such as Ke/(Ks + Teng yh) Gana 
Puts -/tiokt-. ‘lo eetablich more clearly the ‘effect of "each 
parameter on the slab beam interaction problem, elastic 
solutions were obtained using the parameters as "single 
orca hewn caetiy, to. ilo/l a5 Ro Ko Ksaandskb 2) Ln 
order to facilitate a direct comparison between the elastic 
solution and the Code, however, elastic solutions were also 
obtained using the "compound variables". The discussion of 
stiffness variables is presented in section 4.3 in the same 


order as they appear in Chapter V. 


4? Berton Location and Aspect Ratio 

Since there is substantial difference in the 
behavior between interior and exterior panels, it was 
desirable to consider both in this study. This was accom- 
plished by considering a typical interior strip consisting 
Grtoumpeneis (rig. 3.2). Aitypi cal interior panel was 


obtained by using extremely high values for the 
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stiffness of the exterior column and the torsional stiff- 
Ness of the exterior beam. With such a,stiff, column and 
beam, the deflections of the plate on the two opposite 
sides of the interior column were exactly equal to sixteen 
decimal points; therefore, the first interior panel of the 
strip analysed can be considered as a typical interior for 


enlepurposes. 


Whenever the panel aspect ratio was varied in- 
dependently of stiffness quantities, it was taken as 0.5, 
tee oO and. 2.0. sin cases whem the curve was not clearly 
defined by these four values, additional quantities were 


chosen. 


4.3 Stiffness Parameters 


Forithes study! ofesplitting of the totah design 
moment into negative and positive regions, the dimensionless 
Pack oretensch + WiKe de Was¥warne der romeonVetook. Onintancre- 
ments of)0625.~ Ths meantuthati thesexteriorycolumnestiff= 
ness porane tee varied from zero to infinity. Following the 

1 


@ode cetinit one, the, columm stitiness parameter, KK. may 


also be.written as 
! 
Ke <2 Cc /Keh/u 1 Sho 


By considering the numerator as one variable, the number 
! 
of variables involving K is reduced from three to two. 


These two variables were varied simultaneously in order to 
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3.3 


obtain the above range of values for K', The flexural 

and torsional stiffnesses of supporting beams were con- 
sidered.equal and takensas.0.0, h.0 and 5.0 to represent 
Slabs without beams and slabs supported on intermediate 


and stiff beams, respectively. 


For the beam-slab iReeracevon problem, the primary 
Verrables™=are™ tie beam rl extral”’stitiness in the™longrtudinal 
and= trans verse =directions; Hy-and -H»>3+the™panel aspect° ratio, 
Save ysiand in addition, for exterior panels, the torsional 
stiffness of the exterior beam, R. The effect of the column 
Serurnecosmle clients ana for this study a column of inter— 
mediate stiffness equal to three times the slab stiffness 
was chosen in all solutions. For interior panels, values 
of ig COPvespanding to,0.0,.0+54.1.0-and.5.0..wenecons 
sidered in all combinations with the same values for the 
ratio H)/H, for each of four values of the ratio ey ht 
-siieiee (ro 1-0, teomend 2.0... this required 64 solutions. 
For exterior panels four values of R corresponding to 0.0, 
1.0, 5.0 and » were combined with selected values of H, and 


H, for the same values of 22/2, used for the interior panel. 


Foo.the study.oi slabs supported on beams in one 
direction only, the Code variable H,25/%, or Hp%o/k, was 


Weed nes ekOLlowsS 9 oleae Utonel. Dyand, 10.0. 


In order to compare ACI 318-71 values with the 


elastic solutions, the quantity H,2 2%, was varied as 0.0, 
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34 
Qao5 71.0 and 10.0 while .H.t.*/Ho£,> wae kept constant as 
unity. For the exterior panel the torsional stiffness of 
the edge beam was considered as 0.0 and 2.5 with combin- 
ations of the above values for the parameter H,25/2,. 

Again the column stiffness was kept constant and taken as 

three times the stiffness of the slab. In order to examine 
Code limitations of variable H,2,%/H,2,2, this variable was 
mene TO.be Une aoe. 1-0, ©o.0 and 10.0 tor untt values" of 


Piya fe) 


4.4 Loading 


Although the computer program permitted the 
variation of the load on each panel, only a uniformly 
distributed load, w, over both panels was considered in 
this study. This load was considered as the total design 


load. 


ueS Poisson's Ratio 


In the majority of the cases considered in this 
study, the value of Poisson's ratio, u, was considered to 
be zero. However, for the purposes of comparison of finite 


(6) 


difference solutions with those given by Timoshenko for 
the plate with clamped edges, eleven solutions were obtained 


using Poisson's ratio equal to O33 
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CHAPTER V 


PRESENTATION AND DISCUSSION OF RESULTS 


5.1 Introduction 


The design moments obtained by the two ACT 
proposed procedures, Direct Design Method and Equivalent 
Frame Analysis, are compared with the results obtained by 
an elastic solution. The requirements for the proportion- 
ing of the total static design moment between the negative 
and positive regions and the splitting of these design 
moments into column and middle strips are critically 
examined within limitations given in section 13.3.1 of 


ACT — 318-71°°?. 


Special emphasis was placed on the slab- 
beam interaction problem and a more general procedure is 


suggested which can be extended to slabs which do not meet 


the limitations in proposed revisions. 


The methods proposed in the new Code, the elastic 
solution, and the procedure suggested in this study are 


compared by considering the behavior of both interior and 


exterior panels for the typical interior strip. The results 


of the comparison are presented in the form of graphs, 


tables and formulas. 


5.2 Total Static Design Moment 


For any panel the total static design moment 
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36 
depends only on the panel size, the column dimensions and 
the loading, and can be determined by equations of equi- 
librium. Fig. 5.1 shows the variation in the moment co- 
efficient, Mo/whi?, with respect to the aspect ratio, 25/21, 
andy thes natwvero ivcolomritstize! tous pan VEIL Ote Y/R jhe Sa nce 
the total static moment determined by the Direct Design 
Method is based on the .consideration of the statics, the 
fact that the solution obtained by the elastic analysis 
agrees exactly for all values of panel and column aspect 
ratios, represents an excellent check for the accuracy of 


mine elastic solution. 


5.3 Negative and Positive Design Moment 
5.3.1 Interior Panel 


With the Direct Design Method, the design moments 
are based on the clear span, £e, and for typical interior 
panels (which exist in theory only) are considered inde- 
pendent of the column stiffness. With the Equivalent Paes 
Analysis , howeverjathesdesignrmoments®are basédvon the ‘span 
equal to the distance between the column centerlines, 
and are a function of the column cross-sectional properties. 
The column cross-sectional dimensions influence the design 
momentSeinttwotways:pofirstiy,aby affecting *thetstifiness 
factor for the distribution procedure and secondly, by the 
reduction of the centerline negative moment to that at the 


column face. 
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The negative design moments obtained by Direct 
Design Method and Equivalent Frame Analysis are compared 
Piero. Sone Om the case. Of Cav Sie. 0, whe small dis. 
crepancies between the methods resulted from the fact that 
Wicca he Do pects Desa. an Method the distribution of the total 
static moment into negative and positive regions uses 
factors 0.65 and 0.35, respectively, instead of the theo- 
meted valiesa2/ cand /3...A1SO; in this case the Equi- 
valent Frame Analysis gives the values which are almost 


Meet veal ston tne 1 lastic Solution. 


For the case where, cy /%,= 02:, smallidiscre- 
pancies between the Equivalent Frame Analysis and the 
elastic solution resulted from the nature of the reduction 
of the moment to the column face. In this case Bevete 


expression was used. Positive design moments were not 


shown since the discrepancies will be of the same order. 


5.3.2 Exterior Panel 


In the case of exterior panels, in addition to 
the loading and slab dimensions, consideration is given to 
the flexural stiffness of the exterior column and the 
flexural and torsional stiffness of the beams (if any) for 
both the Direct Design Method and the Equivalent Frame 
Aralysis. © Ailvot@ these variables are readily considered 


with the Equivalent Frame Analysis, but with the Direct 
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Design Method no simple expressions which accurately con- 
sider all these factors are available. PLESENOGB. She 

and 5.5 illustrate quantitatively the discrepancies in the 
design moments.in the exterior panel obtained by the Direct 
Design Method and the elastic solution. The Absken moments 
in ERAls Atewt ox neg ata vel; | exterior negatives andipesitive 


regions ‘are’ discussed! separately. 


Fig. 9.3 shows that ae Pinos properties of the 
beam and the column do not influence interior negative 
dearen Moments to any.great extent. This 1s not surprising 
Sirice it is expected that this negative design moment 
would be simijear to that of the typical interior panel. 
However, it appears that the Direct Design Method under- 
estimates these design moments through all the range OL 
variables considered. Discrepancies are greatest for the 
flat Slap and amount to almost 15% for very stifi columns. 
Here, one should keep in mind that reinforced concrete is 
not a linearly elastic material, an assumption on which 
the elastic solution is based, but is subject to irreversible 
effects, Such. as Cracking, creep, etc. Therefore, one could 
consider that a slab for which reinforcement was proportioned 
according to the elastic solution could approach Code values 
through the changing of its mechanical properties with the 
time and loading. Thus these discrepancies could be con- 


sidered reasonable. 
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Exterior negative design moment is much more 
sensitive on the column, beam and slab stiffness. Elastic 
solutions (Fig. 5.4) show that the aspect ratio, 2£9/2,, 
and the flexural stiffness; H, of the exterior beam do not 
mrebuence déstan momeirts extensively!) In.secticon “13;3¥3. 3 
of ACI 318-71 this moment is presented as a linear function 
of the nondimensional factor, 1/(1 + 1/Ke) and the effect 
See o pect tOrsvOual oti tiness, K, asa neglected. Elastic 
analysis shows that consideration of this latter factor is 
Spee ete Peace i Moereated In fig. 9.4.) This is the: prime 
reason why the Code values are almost incomparable with 
tne elastic, solutions for all types of slabs. “Inclusion 
of the torsional beam stiffness was suggested by ore 
by altering tthe “definition ‘of K' by tusangam the numerator 
the term Kec rather than the term Kc, where Kec is defined 


(5) 


by equation 13.5 However, it would appear that this 
change would not give solutions which would be closer to 
theca taatvelsolutions for all-“values*orf the ‘columr and 
beam Sipe eo Essentially the moment ‘cannot be taken 
agen) linear tfunct ion. of the factor T/C + 1/Ke) regardless 
of whether Ke incmudessthe: eFredh of ®. Tt is proposed 
eas Santee reese ree Blo mates de Finca DyaAC here Sao 

R be taken separately by using a formula of this form 
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where Ke = negative design moment coefficient for the 


exterior panel 
Ky y2khah npcandim, i= constants: 
To fit the elastic solutions, selection of the above 


Gen eentsreo ig - O.c05 Ko o=10.35, and ny, = mo = * would 


piven: 


—_—. os 


: 4 sacha by’ 

Ke = 0.30V1/(1+1/Ke) + 0.35V71/(1+1/R) (51) 
Solutions obtained by the Direct Design Method, elastic 
analysis and analysis by formula (5.1) are compared in 
Mebtets 12 Eivecandbesseanithat formubaf(aeh)aisanm very 
good agreement with the elastic solution through the whole 


range of the variables involved. 


Fig. 5.5 presents the coefficients for the 
positive design moments. Discrepancies between the Direct 
Design Method and the elastic solution are almost of the 
Sanetinagt tudes bus dreathetopposate ssensemtorthose 
@heerved forethesnesaerveninteriorsmoment Grigabsw3)souFror 
the eVeSec6 solutions the maximum positive moments, rather 
than midspan moments are taken, because the critical 
section moves from midspan towards the exterior column as 
the stiffnesses of the exterior column and beam decrease. 
Rvietorrseaiasnotythelordereof one-tenth of the span, and 
for practical reasons, the Code is justified in specifying 
midspan since the reinforcement for the maximum positive 


moment will cover this region. 
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5.4 Distribution of Moments 
Selle ohaDpebeenm- Interaction 


In the previous sections it was stated that the 
beam stiffness properties, H and R, and the panel aspect 
Patio, 2£5/2,, have little or no effect on the total static 
moment, positive and negative design moments, except for 
the negative design moment at the exterior column. How- 
ever, the proportioning of the negative and positive design 
moments into column and middle strip moments, and further 
splitting of the column strip moment into beam and slab 
moments is governed essentially by the flexural and tor- 
sional beam stiffnesses and the panel aspect ratio. Figs. 
woe tnrougin o.9 Show the intluence of these parameters on 
the distribution of moments for an interior and exterior 


panel: 


The effect of the beam stiffness and panel 
aspect ratio on the negative column strip moment for an 
witerior panel is shown in Fig. 5.6. For a slab without 
Beane the percentage of the total negative design moment 
assigned to the column strip may be represented by two 
straight lines: one for the values of the panel aspect 
patio, 22/2 ,, less than unity, and one for the values 
egreater then Mite The reason for the, flat cunve for 
aspect ratios between 1 and 2 is due to the definition of 


the column strip; namely, one half of the shorter span 2%). 


2LeSHON to aoltye 


. . i : 16 eae y' <eFAT. Peot-dehe | oe : 7 


: — Aw #<£< iO fowa eyDiv'ses9 oi? ay = bt) 
: rt ' . . 1 bie, Eb pee et regess ‘saahite vane — 
. % SE cL ave, Nei podten | 
Vitsneu bots ov base , aside. 
riohon “a kasl, ae Seagate : 
s o: : t edt te ibid ote. ott 808. - 
sibe th Os Til seo och ee 
Teg giite) omyios. Sit te! gallina 
ty i vyiiasties 28 baie vos ak a a 
a, » ag FL 
aM bys onreard tity, giasd iain 
™ th byt nA 
ti (rj 
’ =? fe: r- 
‘ 4.9) 1s wou 
gan. Latos outs 10) &3 


ty \ vam date aunt Lory Ba or ies x 


stot ny . She dere apes’ ors: 


setiigv eid Le 31), Dis Sida at) 


om eli spit alt ee 


| 


: ; 
; 5 oir 
i 


cats 


42 


Introducing a beam only in the direction in which 
moments are to be evaluated will cause an increase in the 
proportion of the negative moment assigned to the column 
Strip, 4s Showngingl ie o45 6 ya. atheletfect of increasing 
beam stiffness H, is to increase moment coefficient in a 


-geometricably, decreasing rate. 


Introducing a beam also in the transverse 
direction will decrease the moment east ene to the column 
Strip; Since there *is* a*tendency totdistributé \theenegative 
moment more uniformly across the panel. This effect becomes 
more pronounced as the ratio of the stiffness of the trans- 
verse beam to the stiffness of the longitudinal beam in- 
creases, as shown in Fig. 5.6. At the limiting case where 
H> is very much larger than H, the slab approaches one-way 
behavior and the moment is distributed almost uniformly 


aeross the panels. 


The proportion of the positive design moment 
esstened tO the column strip 2s, shown an. Fig. 6.7.- It as 
noted that the effect on the slab behavior by the intro- 
duction :of beams in both the longitudinal and transversal 
directions is identical to that observed for the negative 
column strip moment. The prime .duiterence’ 1c) that. for 4 
slab without beams, the positive moment. at midspan is more 
uniformly distributed across the panel. This results in 


assigning substantially less percentage of the total positive 


$4 


e ogi ai | (towith et! at vine aah ses Sitio réheg 
‘ > Ks 


it cl pepeteat as seins Chly BAPE Eeye ed) 42 8 sto 


at iy bomgices Jeo See hen ot, Te rod 


| si} Sta sil Re Be ek ae an 


vis $F nt CDSSESRE OF -at it oma ote auce — 


eats W656 & He mosaeree ‘ 
4 r) - fiom Sif =séerosp ee a sot yooab - 
. sj 
; ref ey nahi? © 2F sisi Sorte ainse “ 


T+ Pe 


ay 2odcioe. vii o Deis ad | 


fe 


es. tS dre aitt: Be beh igoneniaas 
msl 98¢ te easavigrehs ane oe msod 
5 7 r - 7 
: att 3 oY 0.0 perio npeeie ee im 


% 


a i 


;H nec? ?Tsgagte noe ray” 


mise fetu Giaderb ef! Susan ae Bits curs 


tig sacl 


Tt 


Og: et Te (oot iqmageres nih 
ft rete : tee putes yy, as 


ing Lencnevegner oil : giedont 


ink ha np sit «co? Boevreeita ii nt per 


i “ i : 7 
Bok. Seis Sf abeietattirh be mgt - 1 


43 


design moment to the column-strip than was the case for 
the negative moment. However, this reduction does not 


exist to any great extent when beams are presen 


For ther exterior panels, the total moment across 
the discontinuous edge depends primarily on the magnitude 
of the stiffnesses of the exterior column and the longi- 
tudinal beam, but the distribution of this moment across 
the edge depends primarily on the magnitudes of the flexural 
and torsional stiffnesses of the edge beam. The percentage 
of total negative design moment at the exterior edge 
escuenede tonaie-columnCsiripeissstown. infEagsuls8se Gn this 
Pperreno Wenstat@pessperathehexteriomiceiiumn corresponding 
to a medium stiff column was kept constant Ckpeskeoe The 
erect Ofpthes flexural fFetiffiness+ofythe longitudinal beam, 
Hgpewas Seen toabcenesiagabie, except for the small values 
of the span ratio 2£5/%, where an increase in the H, causes 
ajsmallsincreasepin’ theepercentage |ofimomentt assigned sto the 
CcodMmpystripresSinee. inepractice. the flexural and torsional 
pe Pepesses Ot ~nenedze. beam ~sre. frequently Similiar. they 
are considered equal in Fig. 5.8. Increasing the stiff- 
nesses of the edge beam causes a more uniform distribution 
of the moments. Varying the stiffnesses of this beam from 
Zero to infinity decreases the moment assigned to the column 
strip from 1008 to, uniform distribution, 2s indicated py ie 


dovieod! Lines. 1m Fis 5.8. 
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Theypercentage or the negative column strip 
moment assigned to the longitudinal beam increases as the 
Stivernessrof this beam increases, as shown in Fig. 5.9. 
It can be noted that the percentage of the design moment 
assigned to the beam is essentially independent of the 
ratio of transverse to longitudinal beam stiffness and 


the panel aspect ratio. 


5.4.2 Slabs with Beams in One Direction Only 


This type of slab does not meet the limitations 
Pea vene Nesec tion 13.30.60 Of ACT 318-/1 "and therefore 
Cannot be analysed by Code procedures. The purpose of 

this section is to examine the influences of the beam 
stiffness properties and the aspect ratio on the design 
moment for this type of slab, with the intention of ex- 
Beldiven Sinelater ecc lone, the design procedures To cover 
tovomCase.§ al iact typenwmires Vabpaeeessentially a’special case 
Gr ethose -c1scussed.in, section 5.4. l,and for the sake, of 


clarity is presented separately. 


Heol vest 5 HOpandtion loiiincent bei scemitiat 
when the beam is very stiff, almost all of the moment, in 
ihe directionsparaliciotorthe beamdisecarried) in the 
column strip containing the beam, whereas in the direction 
perpendicular to this beam, the moment is distributed 


almost uniformly, indicating one-way behavior, as expected. 
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As the stiffness of the beam decreases, the moments in the 
column strip containing the beam decrease and the moments 
in the column strip perpendicular to the beam increase. 

The proportion of the colummzstrip assigned to the beam 
Pemet Veni ieee. Le. It ts observed that.. for very stiff 
beams, almost all of the oe is carried by the beam in 
Dowvethie nesative= and positive rmepions: “As the beam stitt— 
ness is decreased the proportion carried by the beam 
Geereasec Dut dtd fester rate in, the positive region... Any 
procedure which is proposed for the desien of slabs with 
the beam in one direction only must account for the 


behavior discussed above. 


5.4.3 Comparison of Proposed Requirements 


WiELiiehtasceCc SO LUtLONS:. 
5.4.3.1 General Remarks 


win sections 5.4.1” anda” Oo. 4.2 the behavior of 
slabs ‘supported by pend and columns was discussed based 
on elastic solutions. Parameters representing individual 
stiffnesses of the supporting beams and columns and panel 
and column aspect ratios were varied individually to 
facilitate the interpretation of their effects. In this 
section design moments obtained by proposed ACI 318-71 
are compared with corresponding moments obtained from an 


elastic analysis. A comparison is made using the dimension- 
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less stiffness parameters defined by the Code. Comparison 

is restricted to the column strip moments, it being under- 

stood that the remaining part of the total design moment 

Pe sasoiened to tne middie strip. “Similarly, discussion is 

restricted to the portion of the column strip moment which 

is assigned! topthebeam, the remaining) portion going to the 


Slab. 


5.4.3.2 Negative Column Strip Moment 


ihe (percent apa onibhneintenior Ties atiwves design 
Momeni aeo Ide assured wo the ‘columieistnip “by bothwthe 
Direct Design-Method and Equivalent, FramesAnalysis as given 


(5). 


tn Section Tireciset Mk ihe smpeccenbere ist ahmunier ion of 
(ae waa ioe wit betomlamications for thei Equivalent? Frame 
Pare ie ee oi bi wate Ganev Tmircet Lone, giver in section 13.3.1 
@for the. Direct Desren«Metiiod. (ThexSolid dJanesy ine Fig .t6.13 
represent values obtained by the Code ‘®? and the dashes 
jie: values: obtaimed by vel asitiic’ solutions. [tC can be eee 
that there is very good agreement foraiuhes squarcmp aned 
Gite ib) sbormisiinithenva lieswot tthe! bean flexuraljieti {Tt - 
messulthy.. iHoweven, Tor the rectangular panels without 
beams, the Code overestimates the negative moment; for 
example, by 12% when %9/2,=0.5. This means that the 


middle strip will be underdesigned. Better correlation 


would be obtained if the Code assumed two linear regions: 
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one for 0.5< &£)/2,;< 1.0 and another for 1.0< 25/2 1< 2.0, 
afcondition Suggestedsin the+final report of ASCE ACI, 

Commautes 427%  sHowever nto: himipasleab deflectionsfitois 
desirable that the column-strip moments, rather than the 


middle-strip moments be overestimated. 


in the proposed” Code, the proportion *of the 
desrensmomentvassigned to the middie and column strip 4s 
based on solutions in which the ratio of stiffnesses of the 
beams in two directions is whos 2NS Be to che sratro. of the 
Soerooponding Sspaias FOr this condition the ratio 


= oy wae G/2 
H)2£5/Ho%>.is equal te unity - 


However, ©O encompass 

the range. of stiffnesses usually encountered in practice, 
the Direct Design Method has established the limits of 
Bhsmerat 1 Ope ebeybetween 012 ,and*S.0Ne Imilannattempt ito 
evaluate the validity of these limits; Figs, 5.14 was 

leo wkocdumeebt-ie, observed sthat thelpercentageysassigned to 
the column strip increases at a geometrically decreasing 
Yate sas. the value cof this ratiosincreases.’ <ltqis seen 
that the agreement between the Code values and the elastic 
solution is excellent when parameter TARO AE ta is equal 

Go, inLty. itowéven stor rthe walues: greater or lesser 

than unity, the discrepancies increase particularly for 
the higher values of the HatTO thowal Te eFor Mhemlower linet 0.2 


the Code assigns less than 10% more to the column strip 


which for practical purposes is reasonable. For the 
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upper limit, 5.0, the Code underestimates the percentage 
of negative moment assigned to the column strip and for 
values of £5/%,=2 this underestimation is almost 30% of 
the™negetive design moment. ‘Since@assigning léss negative 
moment the column strip requires more moment redistribution 
in the slab and hence greater slab deflections, it would 
appear that a smaller upper Limit, particularly for higher 
values of 25/%,, may be desirable. From Fig. 5.14 it is 
moOmoceenthate the sypercent ase. of the negative, design 
moment assigned to the column strip is relatively in- 
Gensitiverto large ineréases of the stiffness ratio beyond 


theslamats esteablished in the Code. 


For the exterior panel the portion of the 
negative design moment assigned to the column strip for 
the limiting cases given in the Code is shown in Fig. 5.15. 
Pemarceussed am section 5.47324 ‘thisipencentage asira 
function of the torsional stiffness of the edge beam, R. 

In general, the agreement between Code and elastic 
values is satisfactory, the Code overestimating the 
negative column strip moment for low values of the ratio 


2/2, and underestimating for high values 


Sime ehosi ti veacolumm strip Moments 


The percentage of the positive design moment 


assigned to the column strip for the interior panel is 
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Given in Fig. 5.16. The discrepancies between the Code 
and elastic values are similar to those for the negative 
region and in general are satisfactory for design 


purposes. 


9.4.3.4 Beam Design Moment 


The proportion of the column strip moment 
assigned to the beam is presented in Fig. 5.17. For the 
range of variables studied there is little difference 
between the percentage assigned to the beam for the 
positive and negative regions. Solutions plotted are all 
for values of the ratio Hat 4 /Hb hs = 1,0enelteshouldibe 
noted that the percentage assigned to the beam is dependent 
primarily on the ratio H,%5/k%, and increases as this ratio 
increases. In every case this percentage increases as the 
ratio %£5/%, decreases from unity, but is essentially 
constant for values greater than unity. Section 13.3.4.4 
of ACI 318-71 states that: "The beam shall be proportioned 
to resist 85 percent of the column strip moment if H,%2/2, 
is equal or greater than 1.0. For values of H)2£/k, between 
1.0 and zero the proportion of the moment to be hepa eed 
by the beam shall bs obtained by linear interpolation 
between 85 and zero percent." However, Fig. 5.17 shows 


that there is generally poor agreement between elastic 
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solutions and Code proposals. For the H,2%£5/2,; = 1.0 and 
£o/%,; = 1.0 the elastic beam design moments is 62% of the 
column strip moment or 23% less than Code value. Moreover, 
the moment does not increase linearly with H,£5/2%, and the 
Code underestimates the beam moment by 10% when 25/2, = 1.0. 
This underestimation becomes greater as £/2, decreases. 
In an attempt to obtain percentages for the values of 
H,2£o/%, equal 1.0 and 0.5 and to maintain a simple linear 
interpolation, it appears that the Code has established 
the percentage assigned to the beam unreasonably high for 
25725 °="- 120" and dow for*Hyt,./2y7 = 0.5... Since’ cracking 
and creep will cause redistribution of moment from the 
beam to the slab, the actual moment in the beam will be 
even less than that indicated by the Code procedure. 

This will increase the discrepancy whenever the Code 


underestimates the beam design moment. 


5.5 Suggested Procedure 


This procedure follows the philosophy of the 
Direct Design Method except that it modifies the dis- 
tribution of moments at the exterior negative region 
and between column and middle strips to give results that 


agree more closely with elastic solutions. 


in pections Bo Peete Go ee was observed that 


the values of the Code for the total static design moment 
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for both the interior and exterior panel, and the splitting 
of this moment into negative and positive regions for an 
interior panel are in good agreement with those of elastic 
solution. However, large discrepancies exist in an exterior 
panel, especially in the case of the exterior negative 
moment. In section 5.3.2. formula (5.1) was suggested and 
comparisons between three procedures were made in Table 5.1. 
Peeshould be nored azain that the suggested: formula (5.1) 
was derived to fit the elastic solution. On the other hand, 
the Code itself is based on elastic slab analyses, some of 
which were verified by tests. Therefore, the philosophy 
behind all three procedures compared in Table 5.1 is the 
same. The fact that ACw 318-7) walues jare in disagreement 
with the elastic solution is mainly due to the lack of 
eonsideration given to the torsional stiffness of the edge 
beam, tR. «lt; can be seen “from Table 5.1 that formula (5.1) 
has taken this effect into account properly, and hence very 


good agreement with the elastic solution is obtained. 


Better; e@iktivovaly mot satisfactory, agreement 
was obtained between the elastic solution and the Code 
values insofar as the splitting of the design moments in 
the critical sections is concerned. It would appear that 
the tables given in section 13.3.4 of ACI 318-71 are 
oversimplified, especially for the beam design moments. 


With the general computer program, on which this thesis 
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is based it would be possible to obtain any desired 
accuracy by extending these tables even for the slabs 
which do not meet the Code limitations. However, these 
extended tables would be significantly larger since 
they would be based on four variables: H,, Hz, R, and 


£9/%,, rather than three parameters used by the Code, 


92 


2 2 
H) 29/21, Hi%o/H2%,, and R. Based on the idea that it is 


more convenient to distribute design moments in the 


critical sections using coefficients derived from formulas 


rather than having to interpolate between table values, 


the following four formulas are suggested. 
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for the interior negative column strip moment, exterior 
negative column strip moment, positive column strip 
moment, and the beam moment. If desired, the coefficients 
in the above formulas may be converted to percentages by 


multiplying by 100. 


In summary, it should be noted that formula 
(5.1) could replace the last equation in section 13.3.3.3 
of ACI 318-71, and that formulas (5.2) through (5.5) 
represent alternate solutions for the tables given in 
Peeenon 23.3. le awa. 2. hel ads. 3 and ba. 3.4.4 (of the 


proposed Codes? | 


It is important to note that, although 
these formulas require only the same variables as the 

Code tables, they are more general in that they are not 
restricted by the limitations required in section 13.3.1.6 
of ACI 318-/1, wWlabhkes, 5.2 through 5.5 compare results 
obtained by these formulas with ACI 318-71 values and the 
results of the elastic solution. It can be seen that the 
results obtained by formulas 5.2 to 5.4 agree much more 
closely with those of the elastic solution, and that indeed 
in most cases they slightly overestimate the elastic values. 
This is an important factor because the moment in question 
here is in the column strip (including beam) where it could 
be expected that cracking would take place first. These 


formulas are not comples and can be simplified, although 


at the expense of accuracy. 


} +71 ’ ah cs: pry “at ey 7 i 
, | ; ne 
keine aT eerie | ace a 


ie : . Tt bea % das nts - 
“wid gal tgicthum 


| so ean 
oi J ee i ata ney 


iis ole os ait sand 


i¢ 1 ris J tea ea 
= 
af 7 
Ay | ; r 
* ket. Soe mos fo! 
ae oe Cie 
: 7 “8 P ~ 
ig togin . abet venegoag 


; . = | yizioeu oe tat 2 sade 


: / ‘ ha 5 - 
: 4 @is) Lx YS iJ aE wees “s 


54 
PABEE $5 41 


COEFFICIENTS FOR THE EXTERIOR NEGATIVE 
DESIGN MOMENT OBTAINED BY DIFFERENT PROCEDURES. 
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TABLE 5.2 


COEFFICIENTS: FOR THE NEGATIVE -COLUMN-STRIP MOMENT 
IN AN INTERIOR PANEL OBTAINED BY DIFFERENT PROCEDURES 


———— — 
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PABIGE 25 seo 


COEFFICIENTS FOR EXTERIOR NEGATIVE COLUMN-STRIP MOMENT 
IN THE EXTERIOR PANEL OBTAINED BY DIFFERENT PROCEDURES. 


(enya) Lees f (ow) 


Nee Conc 


a 


: Suggested 
Elastic Procedure 

Hy Ho R Uo eee ous) Analyse Chon, 5.3) 
ae 0 Os Oo = Oy nSD Weegee 
<o 0 bec doa - OS is Upp iah 
as 0 5 es - aA aye aus val 
5 0 Os Dre - Se) Givaiges ah 
nS. 2 265 2-6 Ors) Ute O.. 6.5 
Ogf Luo 25 dares 0.64 0.68 Gaede 
0 Pe yaa Le 0 Oeis Oi sghio 0.76 

0 Op aes Baas. Orra2 0 co Gg... 80 
0 0 Dip ss Zee Orie Oo 0.020 
0 0 Dae eo Ors (ages s Dbgey S: 
0 0 Des Ea es eee Cerda 
0 0 0 any O08 ese iL. 0v 

0 1.0 Leu O25 Uee2 0.80 G.. 85 

0 13 pie? Ae Ohad Ooo Gece 
0 Le20 LG iets 0.64 0.80 0.80 

0 LO AS oaU O05 a ey eS I peeat ik) 
eee Oat) Se O25 0:. 82 tS Oo 6 40 
24 Sia! or 40 Gis aeeyay 0.64 
ato 50 SU ABRs) 0.64 0.45 ey) 
aft) saa, Sue 2 io. Oe 0.48 


amo 


97 


TABLE 5.4 


COEFFICIENTS FOR THE POSITIVE COLUMN STRIP MOMENT 
OBTAINED BY DIFFERENT PROCEDURES. 
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TABLE §&.5 


COEFFICIENTS FOR THE BEAM DESIGN MOMENTS 
OBTAINED BY DIFFERENT PROCEDURES. 
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DIRECT DESIGN ELASTIC SOLUTION 
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FIGURE 5.3 INTERIOR NEGATIVE DESIGN MOMENT, EXTERIOR PANEL 


w 8\3 3° €°S Sie 615 6,” 


= me : 
any ee, = is 1 
ee _ —— - 7 ; as 


vis 
- 


= i SS pure 
3 =a et LAE 
Ph ; 


oa 


- 
By 
: MM 
i\ ‘ ; 
~~ 5 
y ie ) f 
A TOT) a4 
a'P gs 
¢ 4 
i/ 
rp 4 : -. 
" '/ y 
2 
J 


PERCENT OF TOTAL STATIC DESIGN MOMENT 


FIGURE 5.4 


62 


DIRECT DESIGN —- ELASTIC SOLUTION 
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ELASTIC SOLUTION 
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FIGURE 5.13 NEGATIVE. COLUMN-STRIP MOMENT, INTERIOR PANEL 
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CHART ERey? 


SUMMARY AND CONCLUSIONS 


6.1 Summary 


This study compares the moments in reinforced 
eoncrere Slabs =as- determined :by proposed ACI 318-71 and 
an elastic solution based on the finite difference tech- 
nique. Discrepancies and similarities are pointed out 
EieGminecertaim inetances alternate Solutions ere, sugsested. 
A tabular procedure for applying the Equivalent Frame 
Analysis which can be easily programmed or solved using a 


desk calculator has been developed 


6.2 Conclusions 


On the basis of this investigation the following 
conclusions can be made: 

1) Extremely good accuracy is obtained by the elastic 
solution based on the static check and comparisons with 
tabulated values by Pacha 

2). For all regions except the exterior negative 
moment region, the agreement between elastic solutions and 
the values proposed by the Direct Design Method is good 
for square panels. In general the agreement is less good 


for rectangular panels although still satisfactory for 


design purposes 
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3. The exterior negative design moment by the Direct 
Design Method differs substantially from values obtained 
by elastic analysis, and an alternative procedure for 
determining this moment is proposed, 

4, The proportion of design moment assigned to the 
column strip by the procedure in the Code is in good agree- 
ment with the elastic analysis when the ratio Hy 25 /H2, is 
equal to unity. For the lower limit of this ratio proposed 
by the Code, namely 90.2, the agreement is still satisfactory. 
However, the Code substantially underestimates the column 
strip moment for the upper Limit of 5.0.8 It is suggested 
that this limat=be reduced to-2.0 

bee neriairtae ons otven in section Jc33.126 for the 
Direct Design Method should also apply to the Equivalent 
Frame Analysis. 

6, To extend the range of applicability of the pro- 
cedures given in the Code for assigning moment to column 
and middle strips, formulas are presented which also give 
better agreement with elastic solutions. 

7. The portion of the column strip moment assigned 
to the beam by the Code differs substantially from the 
elastic solution values for all ranges of variables due 
to over simplification of the procedure. An expression 
Us presented for computing the proportion assigned to the 


beam which gives excellent agreement with the elastic 


solutions. 
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Ga Ihe, proposed modi tications to the Direct Design 
Method labeled "Sugsested Procedure” in this study not 
only gives resuits substantially” closer™ to those of the 
elastic solution or on the safe side when expected re- 
distribution occurs, but also are more general in 
application in that they are not restricted by limitations 


Beiven an ‘Code section 13.8. 1°6.. 
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APPENDIX A 


EQUIVALENT FRAME ANALYSIS 


sum of the stiffnesses of column above 
ard behowslab=at. 3 Ornti-|% 


flexural stiffness of the member j-i 
and j-k, respectively. 


product of multiplication of the stiffness 
and carry-over factors for the member j-i 
and j-k, respectively. 


Sumeor tlexural Strrinesses of al? members 
meeting at joint 1, j and k, respectively. 


eq iy, ratio of column length to: span 
length in direction moments are being 
considered. 


Go/%o, ratio of column width to span 
Jengimitransverse to the direction moment 
are being considered. 


* For sake of clarity the notation for this Appendix 
is presented separately from the general nomenclature. 
Notation uséd in-this*appendix is based on Jig -12 


Mi hel 


W 


sum of the column bending moments above 
and below slab at joint j. 


Sum of the fixed—-end moments in 
1, } and k, respectively. 


bending moments at the j-th joint of 
the member j-1i and j-k, respectively. 


fixed-end moments at the j-th joint 


of the member j-i and j-k, respectively. 


rotation, in radians, of the joints 
i, }, and k, respectively. 


se 


A.2 Derivation of General Expressions for Bending 


Bending Moments in Equivalent Frame 


According to section 1354.1 .2 of proposed 
ACI 318-71 a structure composed of slabs, beams and 
columns may be analysed as an equivalent frame. This 
frame 1s assumed to have columns fixed at their remote 
ends, and for determining bending moments at a given 
Support, slab-beams which are fixed at any support two 
panels distant therefrom, provided that the slab continues 


beyond that joint. 


Pera given geome trie properties of \theri reme 
and loading conditions, in-order to solve for bending 


moments es and M. at jOLnt ey Mig ASL) sit would De 


j-k 
Mecessary secrknow Trotetions of the jomits i, 3, and k. 

Using Slope deflection principles’, 1t is possible to write 
three equations of equilibrium with three unknowns, bs 


ur and O12 as follows: 


= 0 (AW2) 
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At joint j, general equation for the bending moments will 


be 


= = 4 : A SAN 
ee 5 Aiaiiges “hui 2 
Me ytes 4 
ae mire Ks bs t Ks aby (A. 2) 
j-k 
NEVE ton : Ko01°3 
Solving equations (A.1) for d+» Oe and $, and 


Substituting these into equations (A.2) the expressions 


for the bending moments become: 


M = oe OreVeel = 
j-1 j-i J j-21 K: M. 
es 
Z \-k 
M oT + o2V ee Ge 
j-k 4-k j} j-k Ke M. 
US ec. j-col? 3 


where 


CAs ye 


1 
Ck = 
thy ee Se eS 
ie ae K; CAs 4) 
f 
(ka) s 
v = k - J 


The rotation cs for two exterior joints (in 
following example joints 1 and 8) becomes indeterminate 
and is found by L'Hopital'ts rule. Solutions are: 


for the extreme left joint, 


- Ka Machkee , M 
6, = (A.5) 
K Ky (k3_y) 
and for. the extreme right joint, 
' —_—— ——— 
ke ~ K.M. 
meade 10 3 Ls are ee Cea) 
a Seay ae 0 eee ee : 
shar -1 


Ins thes above: equations ,.the coefficientssfor 
the flexural stiffness and for fixed-end moments must 
account for variations in the moment of inertia of the 
slab-beam members and columns along their axes. Examples 
of these coefficients are given in Tables 3.1 to 3.4 for 


rectangular columns and in Ref. 13 for when the ratios of 
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column length to span length in two perpendicular 
directions are equal. The complete procedure which is 
most suitable for use with hand calculators can be out- 
lined as follows: 

1) For given equivalent frame dimensions and 
loading conditions calculate stiffnesses and 
fixed-end moments using Tables 3.1 to 3.4. 

2) Calculate factors ¢ and v using formulas (A.4) 
= (A.5) and (A.6) for exterior joints. 

3) From formulas (A.3) obtain the beam and column 
bending moments. 

4) Check for joint equilibrium. 


5) Reduce negative moments to those at column face. 


A.3 Numerical Example 


In order to illustrate above procedure a seven 
Span equivalent frame (Fig. A.2) has been analysed in 
Table. A.1l. Three loading conditions were assumed: all 
panel loading, odd panel loading and even panel loading. 
It should sbe noted that only one panel has been loaded 
at a time for the second and third loading condition. 
Usiige the wprocedure derived in section) A.2 10) 1s. poseable 
to obtain bending moments corresponding to a unit loading. 
theese are listed in, columns 19,5. 20 andi vl of Tebie Aad, 


Combining these "unit" moments for design dead load and 


el cr 


SoPTOb 2 BPRSINI a 


design live load, negative moments were obtained for the 
all panel loading, adjacent panel loading and single panel 
mOddi ne. # guhese, women. s, areqlistedgan icobumnsy2?, (22. and j24. 
MMiepori tical negative moments are.selected.from-columns 22 
endear Ot lablemr liend the-eritical posrtive*noments irom 
columns 22 and 24. Negative moments are based on spans 
measured center to center of columns. According to 
Secrrencs pi) Vere worhnen 318e71 these came rednucedgro) the 


GF) 


face of the columns. Corley's expression was used for 


the reduction in this example. 
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PLGURE MAcaL GENERAL POSITION: OF EQUIVALENT FRAME 


LZZLLLLLLLLLLL LLL LLL 47" IZ V7" 
a 
BEAM-SLAB CROSS SECTION mihi CROSS SECTION 


LOADING ! Wp=W, 20.1 k/ft?= 16 k/ft 


FIGURE A.?2 AN EXAMPLE OF EQUIVALENT FRAME 
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APRENDLX B 


FINTIE DIFFERENCE: METHOD 


The basic assumptions for the ordinary ‘theory 
of plates and beams can be found in Ref. 6. Assumptions 
Involvedsin thesconcept of Newmark's plate analog are 
Pisted in Ref. 8 and. assumptions required to count for 
the effects of beams are listed in Ref. 2. However some 
additional assumptions are required for the slab supported 
WirliecionPpacedscolumis, ¢Cj,/%;-.0.2> These can be stated 
as follows: 

ay eCoMumn Stwtiness in direction transverse co 
elongation is considered concentrated along axis. 

Bb) Column erose-section remains as a plane ("line™) 
after deformations. This leads to linearly 
related deformations along column cross-section. 


c) Rotations of column occurs about column centerline. 


For the complete solution of slab described in 
Beeculcn oi lw forty ti aite ditienence operatora, Dased on 


Newmark plate analog were derived. 


Pres. Beleand B.? ,represent system of forces in 4 
plate analog affecting equilibrium of a typical joint and 
interior column , respectively. In Figs. B.3 and B.4 finite 


difference operators are given for a typical placer jorau 
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and for the plate-column joint one grid spacing removed 
from column centerline. It should be noted that R was 
used for -designation of réctargulaniity of finite 


difference elements (h,/hy) in this appendix only. 
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FORCES AFFECTING EQUILIBRIUM OF 
TYPICAL JOINT IN PLATE ANALOG 
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FIGURE B73 FINGER DLFPERENCE PATTERN 
| FOR GENERAL PLATE JOINT 
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APPENDIX C 


COMPUTER PROGRAM 


C.1. Description of Computer Program 


In order to establish the operator coefficients 
and solve the resulting simultaneous equations for 
deflections, moments and shears, forty four subroutines 
were employed in conjunction Pci eatiarn), 'ine program, 
Because of complexity of the computer program and the 
large number of statements (1950 statements) detailed 
Piowechavus ane keetimcowance 7Otsrncluded in this thesis 
but can be obtained from the Department of Civil 
Engineering, The University of Alberta. -A. general flow 


Charo vs sHown in next Section. 
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C.2 General Flow Diagram 


INPUT of l2 variables 
related to loading 
conditions, geometric 
slab properties and 
stiffness quantities of 
‘supporting elements 


GENERATE coefficients 
for 484 simultaneous 
equations containing 
deflections as unknowns 


SOLVE simultaneous 
equations 


SRS 


WRITE 484 deflections | 


ee ea 


COMPUTE internal forces} 
and obtain eguilibrium 
check 


WRITE internal stress 


-resultants at each grid 


point and across each 
grid line 
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